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Abstract
The T -matrix, often obtained with Waterman’s extended boundary condition method (EBCM), is a widely-
used tool for fast calculations of electromagnetic scattering by particles. Here we investigate the quasistatic
or long-wavelength limit of this approach, where it reduces to an electrostatics problem. We first present
a fully electrostatic version of the EBCM/T-matrix method (dubbed ES-EBCM). Explicit expressions are
then given to quantitatively express the long-wavelength limit of the EBCM matrix elements in terms of
those of the ES-EBCM formalism. From this connection we deduce a number of symmetry properties of
the ES-EBCM matrices. We then investigate the matrix elements of the ES-EBCM formalism in the special
case of prolate spheroids. Using the general electrostatic solution in spheroidal coordinates, we derive fully
analytic expressions (in the form of finite sums) for all matrix elements. Those can be used for example for
studies of the convergence of the T -matrix formalism. We illustrate this by discussing the validity of the
Rayleigh hypothesis, where analytical expressions highlight clearly the link with analytical continuation of
series.
1. Introduction
In electromagnetic scattering, it is often convenient
to express the electric field in terms of multipoles,
e.g.
E(r) =
∑
n,m
amnMnm(r) + b
m
nNnm(r) (1)
whereMnm andNnm are the electric and magnetic
multipolar fields, also called vector spherical wave-
functions, and form a complete basis of divergence-
less solutions of Helmoltz equation found using sep-
aration of variables in spherical coordinates [1–4].
The coefficients of the series expansion for the scat-
tered field depend linearly on those of the inci-
dent field, and this relation defines the transition
T -matrix [3]. Within the extended boundary con-
dition method (EBCM) [3, 5], also called null-field
method [6] or T -matrix method, the T -matrix is
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computed from the division of two matrices whose
matrix elements are given by surface integrals on
the particle surface. This approach was developed
by Waterman in the 1960-70s [7–9] and remains
one of the most powerful techniques for the study
of electromagnetic scattering by particles. It has
been extensively studied and applied in many areas
to compute the scattering properties of particles of
arbitrary shapes [10] with a particular emphasis on
axisymmetric particles.
Only a few studies have however studied its po-
tential use to solve electrostatic problems involving
dielectric particles. One approach is to take the
long-wavelength limit of the standard EBCM/T -
matrix formalism. This was discussed byWaterman
in the special two-dimensional case of infinite cylin-
ders [11]. More recently, Farafonov and co-workers
have developed an electrostatic (ES) equivalent of
the T -matrix/EBCM formulation [12, 13], hereafter
referred to as ES-EBCM. They then exploited it to
derive asymptotic expansions (for large multipole
orders) for the matrix elements arising from the
EBCM formalism and to study the validity of the
Rayleigh hypothesis for electromagnetic scattering
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by a particle. The hypothesis states that the scat-
tered field expansion converges everywhere outside
the particle [3, 4, 14]. While it is generally accepted
that the Rayleigh hypothesis is not always valid, its
range of validity and its link to the singularity of
the solutions are still the subject of investigations
[4, 13–15].
In this work we show that analytic expressions
can in fact be obtained for all ES-EBCM matrix
elements in the special case of spheroids. For
this we use expansions of solid spherical harmon-
ics in terms of solid spheroidal harmonics and
vice-versa. The analytic T -matrix extends the
previously-found asymptotic behavior of the matrix
elements. It moreover provides an analytic illustra-
tion of the region of validity of the Rayleigh hy-
pothesis and its link to the analytical continuation
of the series solution.
The manuscript is organized as follows. In Sec. 2,
we re-derive a fully self-contained ES-EBCM formu-
lation, and establish the link to the EBCM quan-
titatively. This allows us to discuss the symme-
try properties of the ES-EBCM matrices from their
EBCM counterparts. We then focus on the case
of spheroids, first using the ES-EBCM integrals
(Secs. 3). A simple expression is derived for the
first column of the T -matrix, which allows us to
discuss the Rayleigh hypothesis and its connection
with the analytic continuation of the series of the
scattered field. In Sec. 4 we then use the separation
of variable method in spheroidal coordinates, and
relationships between spherical and spheroidal har-
monics, to obtain analytic expressions for all matrix
elements.
2. The EBCM for the electrostatics problem
As described in Refs. [12, 13], the EBCM for elec-
trostatics (ES-EBCM) can be derived from scratch
following the same approach as for electromagnetic
scattering. For practical reasons, the basis func-
tions are different to the long-wavelength limit of
the spherical wave-functions, which makes quan-
titative connections between the two approaches
cumbersome. Here we will therefore use different
notations and conventions to previous work [12, 13]
to simplify the link to the full wave EBCM. We
summarize below the main definitions and deriva-
tions of the ES-EBCM and provide this quantitative
link with the EBCM.
We consider a dielectric particle embedded in a
medium with dielectric constants 2 and 1, re-
spectively, and an external field Eext(r). The
corresponding potential is Φext(r), and we denote
Φout(r) and Φin(r) the (total) potentials outside
and inside the particle.
2.1. Surface-integral formulation
The electrostatics problem can be formulated in
terms of surface integral equations [16]. For two
points r and r′, the free space Green’s function is
G(r, r′) =
1
4pi|r− r′| . (2)
Using Laplace’s equation, ∇2Φin = 0, and Green’s
second identity with Φin and G on the interior vol-
ume, we obtain:∫
S
[
Φin(r
′)
∂G
∂n′−
−G∂Φin
∂n′−
(r′)
]
dS′
=
{
−Φin(r) if r ∈ V,
0 if r /∈ V. (3)
where ∂/∂n′− is the derivative just inside the sur-
face, with respect to surface normal (and ∂/∂n′+ is
the derivative just outside).
For the exterior volume V¯ , we note that Φout does
not strictly satisfy Laplace’s equation everywhere
because of sources ρ∞ at infinity associated with
the external potential, i.e. ∇2Φext = −ρ∞/0 and
Φext =
∫
V¯
Gρ∞/0dV ′. Using Green’s second iden-
tity with Φout and G on the exterior volume, we
obtain (note the change of sign to retain the nor-
mal pointing outward):∫
S
[
Φout(r
′)
∂G
∂n′+
−G∂Φout
∂n′+
(r′)
]
dS′
=
{
Φsca(r) if r /∈ V,
−Φext(r) if r ∈ V.
(4)
where Φout = Φext + Φsca, with Φsca the “scattered”
potential. 1 This expression is analogous to the
null-field equations of the EBCM.
Using the boundary conditions on the surface:
Φout = Φin and 1∂Φout/∂n+ = 2∂Φin/∂n−, we
can combine the above equations to eliminate the
1The denomination “scattered” potential is aligned with
the full-wave treatment, but the term “reflected” potential
would be more suited to a purely electrostatics problem.
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Green’s function derivative (note that ∂G/∂n′+ =
∂G/∂n′−) and get:
(− 1)
∫
S
∂Φin
∂n′−
(r′)G(r, r′)dS′
=
{
Φext − Φin, if r ∈ V
−Φsca, if r /∈ V
(5)
where  = 2/1 is the relative dielectric constant.
2.2. Expansion in terms of solid spherical harmon-
ics
The next step is to expand Green’s function and the
potentials onto the basis of interest, here the stan-
dard solutions of Laplace’s equations in spherical
coordinates, chosen here as:
Ψ(1)nm(r) =A
m
n
( r
R
)n
Pmn (cos θ)e
imφ, (6)
Ψ(3)nm(r) =A
m
n
(
R
r
)n+1
Pmn (cos θ)e
imφ, (7)
Amn =
1√
4pi
√
(n−m)!
(n+m)!
. (8)
We include the arbitrary length R so that the basis
functions are dimensionless. Without it, the matrix
elements would have dimensions dependent on the
row and column, which is not ideal. The full-wave
EBCM basis-functions are also commonly defined
as dimensionless [3]. R may be set as a charac-
teristic length of the problem, although physical
predictions are independent of the choice of basis
functions and therefore independent of R.
Our choice of normalization is slightly different to
that used by Farafonov et al., and will simplify the
connection with the full-wave EBCM and with the
approach using spheroidal coordinates in Sec. 4.
These basis functions satisfy the following orthogo-
nality relations on a sphere of radius R:∫
r=R
Ψ(i)nm(r)Ψ
(j)
n′m′(r)dS =
δn,n′δm,m′
2n+ 1
R2, (9)
and Green’s function can be expanded as [17]:
G(r, r′) =

1
R
∑
n¯
[
Ψ
(1)
n¯ (r
′)
]∗
Ψ
(3)
n¯ (r), if r > r
′
1
R
∑
n¯
[
Ψ
(3)
n¯ (r
′)
]∗
Ψ
(1)
n¯ (r), if r < r
′
(10)
where the combined index notation n¯ is equivalent
to both indices n,m (with |m| ≤ n).
The external and internal potentials can be written
as series in terms of Ψ(1)nm, which are regular at the
origin, while the scattered potential is expanded in
terms of Ψ(3)nm, which vanish at infinity. We here use
notation in line with the electromagnetic treatment
as presented in Ref. [3], explicitly:
Φext(r) =
∑
n,m
b˜mn Ψ
(1)
nm(r), (11)
Φin(r) =
∑
n,m
d˜mn Ψ
(1)
nm(r), (12)
Φsca(r) =
∑
n,m
q˜mn Ψ
(3)
nm(r). (13)
2.3. Derivation of the ES-EBCM formula
To solve the problem (determine Φsca and Φin), we
substitute the series expansions of the potentials
and of Green’s function into the integral equations
(Eqs. 5) and use the orthogonality of the basis func-
tions to obtain
−q˜n¯ = (− 1)
∑
k¯ L˜
11
n¯k¯
d˜k¯,
b˜n¯ − d˜n¯ = (− 1)
∑
k¯ L˜
31
n¯k¯
d˜k¯,
(14)
where (similarly to Ref. [12]):
L˜11n¯k¯ =
1
R
∫
S
[
Ψ
(1)
n¯ (r
′)
]∗ ∂Ψ(1)
k¯
∂n′
(r′)dS′, (15)
L˜31n¯k¯ =
1
R
∫
S
[
Ψ
(3)
n¯ (r
′)
]∗ ∂Ψ(1)
k¯
∂n′
(r′)dS′. (16)
The matrices L11 and L31 obtained by Farafonov
[12, 13] differ from these by some normalization and
dimensional coefficients due to different basis func-
tions.
Eqs. 14 form an infinite-dimensional linear system
between the expansion coefficients, and just as with
the EBCM, these can be written succinctly using
matrix notations:
q˜ = −P˜d˜, b˜ = Q˜d˜, q˜ = T˜b˜, (17)
where b˜, d˜, q˜ are vectors containing elements b˜n¯,
d˜n¯, q˜n¯, and P˜, Q˜, T˜ are infinite-dimensional matri-
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ces given by:
P˜ = (− 1)L˜11
Q˜ = I+ (− 1)L˜31
T˜ = −P˜Q˜−1 (18)
Physically, P˜ is the coupling matrix for the multipo-
lar component of order n¯ of the field created outside
by a multipolar field of order k¯ inside. Q˜−1 is the
coupling matrix for the multipolar component of
order n¯ of the field created inside the particle when
excited by an external multipolar field of order k¯.
It is interesting to note that the matrices L˜11 and
L˜31 are independent of permitivity and depend on
shape only. In fact, the matrix L˜31 is a generaliza-
tion of the depolarization factor introduced in the
standard electrostatics solution of the ellipsoid [18].
We also note that Green’s second identity on [Ψ(1)n¯ ]∗
and Ψ(1)
k¯
implies that the matrix L˜11 is Hermitian,
i.e. L˜11
n¯k¯
= [L˜11
k¯n¯
]∗.
2.4. Link with the standard EBCM formulation
The connection between the ES-EBCM and EBCM
formulations was discussed in Ref. [19], but with
slightly different definitions and only for the T -
matrix, so for completeness we here adapt and ex-
pand the main results. We use the standard EBCM
notations of Ref. [3] except for the RgQ matrix de-
noted P here. The link can be established by con-
sidering the long-wavelength limit of the EBCM.
We do not here consider the magnetostatic limit
or the limit of the coupling between magnetic and
electric multipoles, so only the block T22 relating to
electric/electric multipole coupling needs to be con-
sidered. In the long wavelength limit, the electric
multipole fields reduce to [19]:2
N(1)nm → Amn Bnkn−1 ∇[rnPmn (cos θ)eimφ], (19)
N(3)nm →
Amn
Bn
i
kn+2
√
n
n+ 1
∇P
m
n (cos θ)e
imφ
rn+1
(20)
where N(1)nm and N
(3)
nm are the regular and irregu-
lar vector spherical wavefunctions for electric mul-
tipoles, k is the wavenumber (k2 inside the particle,
2Note that there is an error for N(3)nm in Eq. (27) of Ref.
[19] as the exponent for k not should be n+1, but n+2 (as
corrected here).
k1 outside), and we have defined for convenience:
Bn =
1
(2n− 1)!!
√
(n+ 1)
n(2n+ 1)
. (21)
Comparing the general expansions of the incident
and scattered electric fields and potentials via E =
−∇Φ, and using 19 and 20 we derive:
b˜n¯ = −R(k1R)n−1Bn bn¯, (22)
d˜n¯ = −Rsn−1(k1R)n−1Bn dn¯, (23)
q˜n¯ = − iR
(k1R)n+2Bn
qn¯, (24)
where s = k2/k1 = sqrt is the relative refractive
index of the particle, and bn¯, dn¯, qn¯ are the expan-
sion coefficients of the electric multipole component
of the incident, internal and scattered electric fields
in the EBCM [3].
From those, we deduce the relations between the
matrices in the λ→∞ limit:
T 22n¯k¯(λ→∞) = −i(k1R)n+k+1 BnBk T˜n¯k¯,
P 22n¯k¯(λ→∞) = −isk−1(k1R)n+k+1 BnBk P˜n¯k¯,
Q22n¯k¯(λ→∞) = sk−1(k1R)k−n
Bk
Bn
Q˜n¯k¯. (25)
Again the choice of R does not affect the long-
wavelength limit of the EBCM. This can be checked
from Eqs. 31 and 18 which show that the matrix
elements in the ES-EBCM depend on R as follows:
T˜n¯k¯ ∝ R−(n+k+1),
P˜n¯k¯ ∝ R−(n+k+1),
Q˜n¯k¯ ∝ R(n−k). (26)
2.5. Axisymmetric particles
Similarly to the EBCM, the surface integrals L11
and L31 simplify substantially for particles with
symmetry of rotation (around the z-axis). One
major simplification is that only integrals with the
same projected angular momentum (m) are non-
zero, since the integrals over φ are zero unless
m = m′. m can then be taken as a fixed param-
eter (and is sometimes omitted from the notation
for simplicity). The surface integrals defining L˜11
and L˜31 reduce to integrals over θ and are all real,
which implies that L˜11 is symmetric: L˜11
n¯k¯
= L˜11
k¯n¯
.
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The matrix elements in P, Q, T, are then also real
if  is real. In the EM case, the T22 matrix is sym-
metric by virtue of optical reciprocity [3]. From
the link between the ECBM and ES-EBCM (Eq.
25) we deduce that the matrix T˜ is also symmetric
(even though it is not obvious from Eq. 18).
The integral expression can be further simplified
by describing the particle surface in spherical coor-
dinates by an equation of the form r(θ). Denoting
rθ = dr/dθ, the surface normal and elementary area
are
ndS = [rer − rθeθ] r sin θdθdφ (27)
from which we deduce (using ∂∂n = n · ∇)
∂Ψ
(1)
km
∂n
dS =
[
r
∂Ψ
(1)
km
∂r
− rθ
r
∂Ψ
(1)
km
∂θ
]
r sin θdθdφ.
(28)
In line with the notation of Refs. [3, 20], we write3:
dmn (θ) =(−)m
√
4piAmn P
m
n (cos θ), (29)
τmn (θ) =
d
dθ
dmn (θ). (30)
where (−)m is shorthand for (−1)m. We can then
deduce after a few manipulations:
L˜11,mnk =
1
2
∫ pi
0
dθ sin θ
( r
R
)n+k+1
dmn
[
kdmk −
rθ
r
τmk
]
L˜31,mnk =
1
2
∫ pi
0
dθ sin θ
( r
R
)k−n
dmn
[
kdmk −
rθ
r
τmk
]
(31)
Note that the symmetry of L˜11nk can be made more
obvious using integrations by part to obtain:
L˜11,mnk =
1
2
∫ pi
0
dθ sin θ
( r
R
)n+k+1
×
(
m2
sin2 θ
+ nk
)
dmn d
m
k + τ
m
n τ
m
k
n+ k + 1
.
(32)
Note also that all matrices can be computed for
m ≥ 0 only, and the values for m < 0 derive from
T˜−mnk = T˜
m
nk (33)
and identical relations for the others matrices.
3This expression assumes that Pmn (cos θ) is defined with
the Condon-Shortley phase (−1)m.
3. Spheroidal particles in the ES-EBCM for-
malism
As highlighted in Refs. [20–22], spheroidal particles
are a special case in EM scattering in the context
of the T -matrix method and this is also the case in
electrostatics. The electrostatics case is even more
special as there exists a full analytical solution of
the problem with the separation of variable method.
This provides a means to find analytic expressions
for the entire T, P, and Q matrices (see sec. 4).
For clarity, we focus the discussion in this section
on the simple case of a spheroidal dielectric particle
in a uniform external field. The general case will be
presented in the next section.
We consider a prolate spheroid of semi-axes a along
x, y and c along z (c > a). It has half-focal length
f =
√
c2 − a2 and eccentricity e = f/c. The surface
is then defined in spherical coordinates as:
r(θ) =
a√
1− e2 cos2 θ . (34)
3.1. Special properties
Because of the reflection symmetry with respect to
the z = 0 plane (θ → pi − θ), half of the integrals
are zero, namely:
L˜11,mnk = L˜
31,m
nk = P˜
m
nk = Q˜
m
nk = T˜
m
nk = 0
if n+ k is odd. (35)
Moreover, it was shown in the EM case [20] that
the dominant terms in some of the other integrals
(with n+k even) vanish for spheroids, causing seri-
ous numerical issues. In electrostatics, the situation
is much simpler, as the corresponding integrals van-
ish completely [12, 20]. As a result, Q˜m is upper
triangular for spheroids:
Q˜mnk = L˜
31,m
nk = 0 if n > k, (36)
which can be deduced from the identities proved in
Ref. [20]. One immediate consequence is that for
a uniform external field (which has n = 1 only in
its series expansion), the inside field is also uniform
(it also has n = 1 only in its expansion since Q˜−1
must also be upper triangular). This is related to
the Eshelby conjecture [23, 24], which states that el-
lipsoids (of which spheroids are a special case) are
the only geometry for which the inside field is uni-
form when placed in an external uniform field, so
we may also conjecture that ellipsoids are the only
geometry for which Q˜ is upper triangular.
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3.2. Integral approach for a uniform field
Following the standard EBCM approach, we could
calculate the matrix T˜ from the surface integrals
in Eqs. 31 and the expressions in Eqs. 18. This
method is however cumbersome so we apply it only
for illustration to the elements T˜m=0n1 , which are
sufficient to solve the problem for a uniform exter-
nal field along the z-axis E = E0zˆ. The expansion
of the external potential has only one term: b˜01 =
−√4piRE0. Since Q˜ is upper triangular, R˜ = Q˜−1
is also upper triangular and R˜011 =
(
Q˜011
)−1
, con-
sequently
d˜01 =
b˜01
1 + (− 1)L˜31,m=011
, (37)
and d˜0n = 0 for n ≥ 2 (the internal field is uniform,
as previously discussed). Moreover,
T˜ 0n1 = −P˜ 0n1
(
Q˜011
)−1
= − (− 1)L˜
11,m=0
n1
1 + (− 1)L˜31,m=011
,
(38)
and the “scattered” field expansion coefficients are
given by q˜0n = T˜ 0n1b˜01.
We must now calculate the two L-integrals. Firstly:
L˜31,m=011 =
a2
2c2
∫ pi
0
dθ sin θ
cos2 θ
1− e2 cos2 θ . (39)
This is the standard depolarization factor along the
long axis of a prolate spheroid, Lz [2, 18], which and
can be expressed explicitly as
L˜31,m=011 = Lz =
1− e2
e2
[
1
2e
ln
1 + e
1− e − 1
]
. (40)
The second integrals, L˜11,m=0n1 , can be simplified to:
L˜11,m=0n1 =
∫ pi
0
dθ sin θ cos θ
r(θ)n+4
2c2Rn+2
Pn(cos θ).
(41)
Because of the reflection symmetry, this integrates
to zero for n even. For n odd, accurate numerical
evaluation of these integrals is difficult because of
oscillations and cancellations. However it is possi-
ble to find a very simple analytic solution:
L˜11,m=0n1 =
1
n+ 2
a2cfn−1
Rn+2
(n odd). (42)
This result is derived in Appendix A using the inte-
gral expression and will also result from the deriva-
tion presented in the next section. We deduce that:
T˜m=0n1 =

−(− 1)
1 + (− 1)Lz
1
n+ 2
a2cfn−1
Rn+2
n odd
0 n even
(43)
The scattered potential expansion is then (note that
it is R-independent as expected):
Φsca =
∑
n
q˜0nΨ
(3)
n0 =
αzzE0
4pi01
∞∑
n odd
3fn−1
n+ 2
Pn(cos θ)
rn+1
,
(44)
where we have introduced the standard dipolar po-
larizability αzz of the prolate spheroid along its long
axis [2, 18, 25]:
αzz = 4pi01
a2c
3
− 1
1 + (− 1)Lz . (45)
3.3. Revisiting the Rayleigh hypothesis
Thanks to this simple analytic expression (Eq. 44),
it is straightforward to infer that the series diverges
for r < f and converges for r > f . This bound-
ary marks the range of validity of the Rayleigh hy-
pothesis for a prolate spheroid in the ES-EBCM
framework. It is the same boundary as found using
asymptotic expressions for the coefficients [12, 13],
and as found in full-wave EBCM calculations [14].
This is expected given the link between the ES-
EBCM and the long-wavelength limit of the EBCM.
The advantage of our analytic expression is that
it provides a vivid illustration of the mathemati-
cal concepts involved in discussing the Rayleigh hy-
pothesis, in particular its link to the analytic con-
tinuation of the solution, on which we now elabo-
rate.
If we consider a high aspect ratio spheroid with
c/a >
√
2, there is a region close to the surface
(away from the tips), where r < f and the scat-
tered field expansion diverges. Despite this, the ES-
EBCM (or EBCM) remains valid as it does not rely
on the Rayleigh hypothesis and the expansion in
Eq. 44 remains correct where it converges – it only
fails in some regions near the surface. The reason
for this failure is that the spherical basis chosen to
expand the scattered field is not well suited to the
intrinsic singularity of the solution. To see this ex-
plicitly, one can find an analytic expression for the
6
series expansion in Eq. 44 (derived in Appendix B):
Φsca =
3αzzE0
4pi01f3
[
z ln
(
r′ − z′
r′′ − z′′
)
+ r′ − r′′
]
,
(46)
where r′, z′ and r′′, z′′ refer to the coordinates in
the offset frames centered on the focal points F’ (at
r = f zˆ) and F” (at r = −f zˆ), or explicitly:
z′ = z − f, r′ =
√
r2 − 2fr cos θ + f2,
z′′ = z + f, r′′ =
√
r2 − 2fr cos θ + f2. (47)
This is the analytic continuation of Eq. 44; it is
singular only on the z axis between the two foci
of the spheroid. The basis of solid spherical har-
monics was not well suited for such a solution be-
cause a series of these harmonics always has a spher-
ical boundary of convergence, and such an expan-
sion (Eq. 44) therefore increased the singular region
from a line to the smallest sphere containing that
line (the sphere r = f). Note nevertheless that
since the analytic continuation of a series is unique,
the series in Eq. 44 already contains, at least for-
mally, all the information about the scattered field,
even in the regions where it diverges. In general
however, finding an analytic continuation is a diffi-
cult problem, and other methods must be used to
calculate the scattered field near the surface [14].
These arguments have been laid out before from an
abstract point of view [4, 26–31], but we believe the
simple analytic expressions derived here provide an
insightful illustration.
4. Full analytic solution of the ES-EBCM
formalism for prolate spheroids
In the case of the electrostatics problem for
spheroids, the general solution may also be found
using separation of variables in spheroidal coordi-
nates. Those solutions can then be expressed in
the basis of solid spherical harmonics to find ana-
lytic expressions for all the matrix elements of the
ES-EBCM.
4.1. Separation of variables method
We use prolate spheroidal coordinates (ξ, η, φ) de-
fined as follows [1]:
ξ =
r′′ + r′
2f
, η =
r′′ − r′
2f
, (48)
where r′, r′′ were defined in Eq. 47 and φ is the
same as in spherical coordinates. Surfaces of con-
stant ξ represent prolate spheroids with focal length
2f . We will consider a dielectric prolate spheroid
of semi-axes a and c (c > a) as in the previous
section in a general external field. The half fo-
cal length is f =
√
c2 − a2 and the eccentricity
e = f/c. In spheroidal coordinates, the surface is
at ξ = ξ0 = 1/e.
For the most general external potential, this prob-
lem can be solved using solid spheroidal harmonic
bases by expanding the potentials as:
Φext =
∑
n,m
αmn P
m
n (ξ)P
m
n (η)e
imφ, (49)
Φin =
∑
n,m
βmn P
m
n (ξ)P
m
n (η)e
imφ, (50)
Φsca =
∑
n,m
γmn Q
m
n (ξ)P
m
n (η)e
imφ, (51)
where Qmn are the associated Legendre functions of
the second kind.
The boundary conditions are:
Φin|ξ=ξ0 = Φout|ξ=ξ0 ; 
∂Φin
∂ξ
∣∣∣∣
ξ=ξ0
=
∂Φout
∂ξ
∣∣∣∣
ξ=ξ0
.
(52)
Applying these and using the fact that Pmn (η) form
a basis, we have
βmn = α
m
n + γ
m
n
Qmn (ξ0)
Pmn (ξ0)
, βmn = α
m
n + γ
m
n
∂Qmn (ξ0)
∂Pmn (ξ0)
,
(53)
where ∂Pmn and ∂Qmn denote the derivatives of Pmn
and Qmn . From this, we derive
βmn = Γ
m
n α
m
n ; γ
m
n = Υ
m
n α
m
n , (54)
where
Γmn =
∂Qmn (ξ0)P
m
n (ξ0)−Qmn (ξ0)∂Pmn (ξ0)
∂Qmn (ξ0)P
m
n (ξ0)− Qmn (ξ0)∂Pmn (ξ0)
,
Υmn =
(− 1)Pmn (ξ0)∂Pmn (ξ0)
∂Qmn (ξ0)P
m
n (ξ0)− Qmn (ξ0)∂Pmn (ξ0)
. (55)
We have introduced the external Υmn and inter-
nal Γmn spheroidal susceptibilities, which are similar
to the multipolar polarizabilities for a sphere but
depend on m, as expected for a non-spherically-
symmetric object. Υmn is analogous to the T˜
matrix: for a spheroid, T˜m is diagonal in the
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spheroidal basis with diagonal elements Υmn . Simi-
lar observations can be made for the other matrices:
P˜, Q˜, L˜11, L˜31. For example (Γmn )−1 are the diag-
onal elements of Q˜m and −Υmn /Γmn the diagonal
elements of P˜ in the spheroidal basis.
The spheroidal susceptibilities can be simplified by
identifying the Wronskian of the associated Legen-
dre equation (see Sec. 8.1.8 in Ref. [32]):
Wmn (ξ0) = P
m
n (ξ0)∂Q
m
n (ξ0)− ∂Pmn (ξ0)Qmn (ξ0)
=
(−)m+1
ξ20 − 1
(n+m)!
(n−m)! = (−)
m+1 (n+m)!
(n−m)!
f2
a2
.
(56)
Then we have
Γmn =
1
1− (− 1)Qmn (ξ0)∂Pmn (ξ0)/Wmn (ξ0)
, (57)
Υmn =
(− 1)Pmn (ξ0)∂Pmn (ξ0)
Wmn (ξ0)− (− 1)Qmn (ξ0)∂Pmn (ξ0)
, (58)
Υmn
Γmn
= (− 1)P
m
n (ξ0)∂P
m
n (ξ0)
Wmn (ξ0)
. (59)
We can also rearrange the solution as:
γmn = −(− 1)Λ11,mn βmn (60)
αmn − βmn = (− 1)Λ31,mn βmn , (61)
where
Λ11,mn = −
Pmn (ξ0)∂P
m
n (ξ0)
Wmn (ξ0)
, (62)
Λ31,mn = −
Qmn (ξ0)∂P
m
n (ξ0)
Wmn (ξ0)
, (63)
are the diagonal elements of L˜11, L˜31 expressed in
the spheroidal basis.
4.2. Analytic expressions for all matrix elements
Using the simple relationships between the inci-
dent, scattered and internal fields in the spheroidal
basis, and the expansions between spherical and
spheroidal harmonics, we can derive the equivalent
relationships in the spherical basis and therefore
analytic expressions for all elements of P˜, Q˜, and
T˜. The spherical-spheroidal harmonic expansions
[33, 34] are summarized in Appendix C. These ex-
press the spherical basis functions, rnPmn (cos θ) or
r−n−1Pmn (cos θ), as a sum of spheroidal basis func-
tions, Pmk (ξ)P
m
k (η) or Q
m
k (ξ)P
m
k (η), and vice versa.
We set R = f in the following to simplify the re-
sulting expressions.
Our goal is to express q˜mn in terms of b˜mn . We first
express αmn in terms of b˜mn , i.e. derive the spheroidal
expansion of the external field from its spherical ex-
pansion. Inserting Eq. C.2 into the external poten-
tial spherical expansion (Eq. 11), rearranging the
order of summation, and identifying the coefficients
αmn from Eq. 49, we obtain:
αms =
∞∑
k=s
sk
(2s+ 1)(k +m)!
(k − s)!!(k + s+ 1)!!
(s−m)!
(s+m)!
Amk b˜
m
k ,
(64)
with sk =
{
1 if s+ k even,
0 if s+ k odd.
(65)
We then express q˜mn in terms of γmn by substituting
Eq. C.4 into Eq. 51 and identifying the coefficients
q˜mn from Eq. 13
q˜mn =
n∑
s=|m|
sn
(−)m(n−m)!
(n− s)!!(s+ n+ 1)!!
(s+m)!
(s−m)!
1
Amn
γms
(66)
The relationship between q˜mn and b˜mn is found by
combining Eqs. 64, 66 with the relation γms =
αms Υ
m
s (Eq. 54) and swapping the order of sum-
mation:
q˜mn =
∞∑
k=|m|
min(n,k)∑
s=|m|
sk sn
Amk
Amn
Υms
× (−)
m(2s+ 1)(n−m)!(k +m)!
(n− s)!!(n+ s+ 1)!!(k − s)!!(k + s+ 1)!! b˜
m
k ,
(67)
where min(n, k) denotes the minimum of n and k.
The matrix elements of T˜ can be readily identified
as:
T˜mnk = nk(−)mCmn Cmk × (68)
min(n,k)∑
s=|m|
sn(2s+ 1) Υms
(n− s)!!(n+ s+ 1)!!(k − s)!!(k + s+ 1)!! ,
where we have defined
Cmn =
√
(n−m)!(n+m)!. (69)
Note that Υms depends on the spheroid shape (via
ξ0) and its optical properties (via ).
8
For L˜11, we use Eqs. 60 and the derivation is almost
identical to that of T˜:
L˜11,mnk = kn(−)mCmn Cmk × (70)
min(n,k)∑
s=|m|
sn(2s+ 1) Λ11,ms
(n− s)!!(n+ s+ 1)!!(k − s)!!(k + s+ 1)!! .
In this form, the symmetry of T˜ and L˜11 is clear.
For L˜31, we need the inverse relation of Eq. 64,
which is obtained using the expansion Eq. C.1. We
then use Eq. 61 to get:
L˜31,mnk = 0 if n > k, else
L˜31,mnk = kn
Cmk
Cmn
× (71)
k∑
s=n
sn
(−)(s−n)/2(2s+ 1)(n+ s− 1)!! Λ31,ms
(s− n)!!(k − s)!!(k + s+ 1)!!
As previously observed, the L-matrices only depend
on shape, not on . P˜ and Q˜ are easily derived from
Eqs. 18.
4.3. Special cases
It is interesting to consider a few special cases.
Firstly for m = 0:
Λ31,m=0n=1 = (ξ
2
0 − 1)(ξ0Q0(ξ0)− 1) = Lz. (72)
The latter equality arises when setting e = 1/ξ0 in
Eq. 40. We also have
Λ11,m=0n=1 = (ξ
2
0 − 1)ξ0 =
1− e2
e3
=
a2c
f3
. (73)
From those we deduce
Υ01 = −
(− 1)
1 + (− 1)Lz
a2c
f3
. (74)
For the T -matrix, we have from Eq. 68:
T˜m=0n1 =
Υ01
n+ 2
(n odd), (75)
which is the same as Eq. 43 found earlier.
For m = 1, we have
Λ11,m=1n=1 = −
a2c
2f3
, (76)
Λ31,m=1n=1 =
1
2
[
c2
f2
− ξ0Q0(ξ0)
]
=
1− Lz
2
. (77)
The latter is the depolarization factor of the
spheroid along the x, y directions: Lx = Ly =
(1− Lz)/2. From those, we have
Υ11 =
(− 1)
1 + (− 1)Lx
a2c
2f3
, (78)
and Eq. 68 simplifies to
T˜m=1n1 = −
√
2(n+ 1)
n
Υ11
n+ 2
. (79)
Finally, for a general n and m, Eq. 71 also reduces
to a single term when k = n:
L˜31,mnn = Λ
31,m
n = −
Qmn (ξ0)∂P
m
n (ξ0)
Wmn (ξ0)
. (80)
Those diagonal elements of L˜31 can be viewed as the
generalized depolarization factors of the spheroid
for multipole orders n,m.
4.4. Comparison with EBCM results
To assess the applicability of our analytic re-
sults, we compare the analytic matrix elements for
spheroids to those obtained numerically using an
accurate implementation of the EBCM method for
spheroids [22] for which codes are available [35].
The relations established in Eq. 25 are used to com-
pare the two methods. For particles much smaller
than the wavelength, the analytic quasi-static solu-
tion is expected to provide a good approximation
to the exact result. This is illustrated in Fig. 1
for three dielectric prolate spheroids all of aspect
ratio 10 and long semi-axis 10, 20 and 30 nm, ex-
cited with 600 nm wavelength light. The agree-
ment between the two methods increases as the
size decreases, as expected. Note however that the
other blocks of the EBCM T -matrix, T11, T12, and
T21 contain elements that are not negligible in the
quasi-static limit. So for the ES-EBCM to be appli-
cable as an approximation to quasi-static (not just
electrostatic) problems, these other blocks should
also be taken into account.
5. Conclusion
In summary, this work provides a detailed investi-
gation of the electrostatics limit of Waterman’s T -
matrix formalism, in particular in the special case
of spheroidal particles. We focused specifically on
prolate spheroids but the results could be adapted
to oblate spheroids. We believe that the analytic
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n 
k 
c = 30nm c = 10nm 
-log10(relative error) 
c = 20nm 
Figure 1: Colormaps of the number of digits of agreement (computed from − log10 of the relative error) between two methods
of calculating the T -matrix for prolate spheroids of long-axis c: using the EBCM code from [35] and from the electrostatic
analytic formula given in Eq. 68. In each plot, the aspect ratio is c/a=10, the wavelength of excitation is 600 nm and the
relative permittivity is  = 1.5. The EBCM T -matrix was compared to that obtained from the ES-EBCM using Eq. 25. The
elements shown here are for m = 0 (similar results are obtained for higher m), and n, k ≤ 39 (only the non-zero elements are
shown). The lower degree elements are towards the top left. The error decreases with particle size as the problem approaches
the quasi-static limit.
expressions that we derived will provide an insight
into the fundamental properties of the T -matrix for-
malism. This was illustrated in the context of the
Rayleigh Hypothesis and its connection to the ana-
lytic continuation of the solutions. The ES-EBCM
formalism could be further developed to encompass
the magnetostatic limit (relating to magnetic multi-
poles) and the long-wavelength limit of the coupling
matrices between electric and magnetic multipoles.
The ES-EBCM formalism could moreover be ap-
plied to the solution of other electrostatic problems.
Appendix A. Proof of Eq. 42
We reproduce here the form of the integral
L˜11,m=0n1 =
∫ pi
0
dθ sin θ cos θ
r(θ)n+4
2c2Rn+2
Pn(cos θ)
(A.1)
and consider n odd only (the integral is zero for n
even). We first substitute r(θ) from Eq. 34 and
make the change of variable x = cos θ:
L˜11,m=0n1 =
an+4
2c2Rn+2
∫ 1
−1
dx
x
(1− e2x2)n+42
Pn(x).
(A.2)
Using the binomial expansion, this is rewritten as
a series
L˜11,m=0n1 =
an+4
2ec2Rn+2
∫ 1
−1
dx
∞∑
p=0
αp,n(ex)
2p+1Pn(x),
(A.3)
where
αp,n =
(
p+ n2 + 1
p
)
. (A.4)
Note that n is odd and this is a generalized binomial
coefficient with half-integer entries.
We then expand the powers x2p+1 on the basis of
Legendre polynomials as
x2p+1 =
2p+1∑
l odd
(2l + 1)βl,pPl(x) (A.5)
This is as a special case of Eq. C.2, evaluated at
η = 1, n = 2p+ 1, m = 0, where the coefficients are
βl,p =
22l(2p+ 1)!(p+ l+12 )!
(p− l−12 )!(2p+ l + 2)!
. (A.6)
Using the orthogonality of the Legendre polynomi-
als, the integral can be expressed as
L˜11,m=0n1 =
an+4
c2Rn+2
∞∑
p=(n−1)/2
αp,nβn,pe
2p. (A.7)
αp,nβn,p can be shown to simplify to
αp,nβn,p =
1
n+ 2
(
p+ 12
p− n−12
)
. (A.8)
Re-indexing the sum with k = p− (n− 1)/2:
L˜11,m=0n1 =
an+4en−1
c2Rn+2(n+ 2)
∞∑
k=0
(
k + n2
k
)
e2k, (A.9)
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where we recognize the binomial series expansion
for 1
(1−e2)n/2+1 , which simplifies using e = f/c and
1− e2 = a2/c2 to
L˜11,m=0n1 =
a2cfn−1
Rn+2
1
n+ 2
. (A.10)
As shown in Sec. 4, this can be alternatively derived
from the spheroidal coordinate solution of the prob-
lem. Given the remarkable simplicity of the final
expression for L˜11,m=0n1 , one might have expected
that a simpler proof would be possible.
Appendix B. Analytic continuation of the
multipole expansion for the
scattered potential
We start from the series expansion given in the main
text (rewritten here up to a constant factor):
Φ(r, θ) =
∞∑
n odd
1
n+ 2
(
f
r
)n+1
Pn(cos θ). (B.1)
We first recognize that this expression has some re-
semblance with the generating function for the Leg-
endre polynomials, namely:
1√
1− 2u cos θ + u2 =
∞∑
n=0
unPn(cos θ). (B.2)
We therefore define
G(u, θ) =
1
u
∫ u
0
vdv√
1− 2v cos θ + v2
=
∞∑
n=0
un+1
n+ 2
Pn(cos θ) (B.3)
from which we infer
Φ(r, θ) =
1
2
[
G
(
f
r
, θ
)
−G
(
−f
r
, θ
)]
. (B.4)
The integral for G can be calculated analytically:
G(u, θ) =
√
1− 2u cos θ + u2 − 1
u
+
cos θ
u
ln
(
u− cos θ +√1− 2u cos θ + u2
1− cos θ
)
.
(B.5)
Note that this result can also be obtained from Eq.
C.3 with n = 0. The simpler expression given in
Eq. 46 can be obtained by considering the offset
coordinate frames centred at both foci (the offset
coordinates are defined explicitly in Eqs. 47).
Appendix C. Relationships between spher-
ical and spheroidal solid har-
monics
Below are the four possible relations between the
regular and irregular spherical solid harmonics,
and the regular and irregular prolate spheroidal
harmonics. The azimuthal dependence e±imφ is
omitted since it is the same on both sides. The
spheroidal coordinates are defined in Eq. 48. By
setting R = f in the definitions of our spherical
basis functions, those can easily be rewritten in
terms of Ψ(1)nm and Ψ
(3)
nm. Derivations can be found
in [33, 34].
Pmn (ξ)P
m
n (η) =
(n+m)!
(n−m)!
n∑
k=m
kn (−)(n−k)/2
× (n+ k − 1)!!
(n− k)!!(k +m)!
(
r
f
)k
Pmk (cos θ) (C.1)
(
r
f
)n
Pmn (cos θ) = (n+m)!
n∑
k=m
kn
× (2k + 1)
(n− k)!!(n+ k + 1)!!
(k −m)!
(k +m)!
Pmk (ξ)P
m
k (η)
(C.2)
Qmn (ξ)P
m
n (η) = (−)m
(n+m)!
(n−m)!
∞∑
k=n
kn
× (k −m)!
(k − n)!!(k + n+ 1)!!
(
f
r
)k+1
Pmk (cos θ)
(C.3)
(
f
r
)n+1
Pmn (cos θ) =
(−)m
(n−m)!
∞∑
k=n
kn (−)(n−k)/2
× (2k + 1)(n+ k − 1)!!
(k − n)!!
(k −m)!
(k +m)!
Qmk (ξ)P
m
k (η)
(C.4)
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